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ON QUADEATIC FOEMS 
Bt Paxjl Saurel 

In a recent note* we have reproduced the very simple demonstration by 
means of which Gibbs establishes the conditions for a positive quadratic form. 
It may be of interest to show that the more general question of determining 
the number of positive and of negative terms in the expression of a quadratic 
function as a sum of squares can be treated in a similar manner. 

Let us consider the quadratic function tp defined by the equation 



in which 

and let us write 



f = Zv Z^ dikXiXk, (1) 

» = I k = l 

aik = ««. (2) 

n 
/i = 2 <^ik^k- (3) 



From equations 1 and 3 it follows that 



?> = 2 /<««•• (4) 

i s 1 



If a-a ?t we can throw this equation into the form 



?-=•? + 2 /J" a;,, (5) 



where 



^„^ «n/i-«./i ^ (6> 

Since /<" is independent of x^, it follows that the second of the two 
terms on the right-hand side of equation 5 is independent of x^. Moreover, 
it should be noticed that the coefl5cient of y^ is the reciprocal of 

I *2, xa. • • • . *» 



<SXlA„r— - -' (^^ 



♦ Ammals op Mathematics, vol. 4 (1902-08;, p. 62. 

(21) 
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in which the subscripts indicate the quantities which are regarded as inde- 
pendent variables. 

If a-ii be equal to zero, equations 5 and 6 are meaningless. We can, how- 
ever, obtain a pair of analogous equations by employing any one of the func- 
tions^ for which the corresponding coefficient a« is not equal to zero. Then 
by changing the niunbering of the variables we can again obtain equations 5 
and 6. 

We have accordingly the following theorem : 

Theorem I. ^ there be one of the quantities 



c 



^^i/ Xi,Xi,Xt, . . . ,Xn 



which is not equal to zero, the given quadratic Junction of n variables can be 
expressed as the sum of a quadratic Junction of not more than n—1 variables 
and the square of a linear function. The coefficient of this last term has the 
sign of the non-vanishing derivative. 
If 

«!! = «22 = • • • = «nn = 0, (8) 

the transformation given above cannot be performed. In this case we shall 
write 



i = t 



where 



Mi) _ dnfi — ^hif-i — 'hifi /jQ\ 

«12 

Since f^^^ is independent of x^ and x^, it follows that the last term on the 
right hand side of equation 9 is also independent of Xi and a^. If a-^^ be equal 
to zero the above transformation becomes impossible. In this case, however, 
an analogous transformation can be performed with a pair of functions /i,/^ for 
which the corresponding coefficient Oj,- is not equal to zero. Such a coefficient 
exists ; otherwise, the given function of n variables would be independent of 
Xy. The variables can now be renumbered so that equations 9 and 10 are 
again obtained. 

We have accordingly the following theorem : 



1903] ON QUADRATIC FORMS 23 

Theorem II. If each of the quantities 



(- 



\dXiJ Xi,X2, Xi, . . . , Xn 

be equal to zero, the given quadratic function of n variables can be expressed as 
the sum of a quadratic function of not more than n—2 variables and the squares 
of two linear functions. The coefficients of these last two terms have opposite 
signs. 

It is evident that repeated applications of one or both of the transforma- 
tions just described will yield the following theorem : 

Theorem HI. A quadratic function of n variables can be expressed as 
the sum of the squares of not more than n linear functions. 

Let us suppose that by repeated applications of Theorems I and II the 
given quadratic function has been expressed as the sum of r squares and a 
quadratic function which is independent of aii, x^, • • •, Xr- We shall suppose 
that this quadratic function has been ■written in each of the forms : 

t=r + l 
« = r+l i=r-|-l 

If the last transformation employed be one of the type 5,fP is defined by the 
following equation, analogous to equation 6 : 

•^' ^> ^^^^ 

If, on the other hand, the last transformation employed be one of the type 9, 
fP is defined by the following equation, analogous to equation 10 : 



■f(r) _ "-r-hrj t "'r-hU r "r, ( J r-1 /I AN 

In either case 



aX-i,, 



<" = (^) ' (15) 

w that 
<' = (p) . (16) 

\0^k/fl, fl, . . . , fr, aV+1 Xn 



V+2i 

We shall now show that 
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Consider the expression 

Cf) 0') 

Since /f is independent of ccj we may give to dxi any convenient value. It 
will therefore be allowable to suppose that dxi has been so taken that 

d/i = 0. (18) 

But, in that case, equation 6 shows that 

^/r = rf/i- (19) 

The expression 17 is therefore equal to 



KdXkJfi, X2, as, . 



(20) 



Consider next the expression 



Kdx') ' <2^> 

\0^k/ Xs, Xi Xn 

in which /f* is defined by equation 10. Since /f* is independent of ajj and x^ 
we may give to dxi and dx^ any convenient values. It will therefore be 
allowable to suppose that dx2 has been so taken that 

dfi = 0, (22) 

and that dxy has been so taken that 

df^ = 0. (23) 

But, in that case, equation 10 shows that 

4rr = c?/;. (24) 

The expression 21 is therefore equal to 

\0Xk/fi,fi,X3, . . .,x. 



In a similar manner we can show that 

i, k > r, (26) 



c 



^'\ 



^xJ/Ml'f,'!^^ //"'.at.+i- • 
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i,k>r, (28) 



is equal to 

"akr )/r'\ /ifr». 4?i^ ■ • ■ . /r^'\ ^r^u .-.^x,, '' * ^ ""' ^ ^^) 

or to 

according as//''* is defined by an equation of the form 13 or by one of the form 
14. 

In the first case, since /""' is independent of Xp, we may give to dxp any 
convenient value. It will therefore be allowable to suppose that dXp has been 
so taken that 

d/r" = 0- (29) 

But then equation 13 shows that 

dfr = clfr\ i>P, (30) 

and expression 26 transforms at once into expression 27. 

In the second case, since _/]"' is independent of x^j and x^, we may give 
to dx^j^ and dx^ any convenient values. It will therefore be allowable to 
suppose that dx^^ has been so taken that 

df\^'' =0, (31) 

and that dXp_i has been so taken that 

df;-'^ = 0. (32) 

But then equation 14 shows that 

dff^dfr', i>P, (33) 

and expression 26 transforms at once into expression 28. 

It now follows immediately that, by repeated applications of one or both 
of the equalities just established, equation 15 can be transformed into equation 
16. 

Equation 16 taken in connection with Theorems I and II enables us to 
state the following fundamental theorem : 

Theorem IV. Let us suppose the variables to be so numbered that, by 
means of the two transformations described above, x^, x^, . . ., x^ can be suc- 
cessively eliminated from the given quadratic function, one or tioo at a time, 
and let us further suppose that every one of the derivatives 

(¥-) »■' ^" > »• (34) 
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is equal to zero. Then the given quadratic function can he expressed as the sum 
of r squares. The signs of these r squares are the same as (he signs of the 
following r derivatives : 

\OXiJ XuXi, . . . , Xn 






(35) 



<^^r)fl,h, . . . , fr-uXr. . . 



X„- 



provided none of these derivatives be equal to zero. If, however, one of these 
derivatives he equal to zero, we shall strike it and the follotoing derivative from 
the li.it ; for every pair of derivatives thus omitted we shall have one positive and 
one negative square. 

The derivatives which appear in the statement of this theorem can be put 
into another form. Denote by A, the determinant 



^21 ^22 



Olr 



If we make use of equations 3 we obtain without diiBculty the following equa- 
tions : 

\OXi/ Xl, X2 Xn 

{Ma ^ h 

VW/i, x„ . . . , x„ Ai ' (36) 



<2xJ/i, /,,..., /^i, Xr. . . . ,X„ Ar-1 
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We obtain also the equation 












«lr 


"u- 


«2r 


a.2j. 


«rr 


a^. 


«,r 


««• 



t,A;>r. (37) 



> fn «>-+l «n "^r 

If one of the derivatives in 35, the^th for example, be equal to zero, we 
shall have from equations 36 



Ap = 0. 



Moreover, since it was possible to choose as independent variables yi,/^, . . ., 



fp- 



1) •''?» 



., a;„, it follows from equations 3 that 



If the derivative on the left side of equation 37 be equal to zero, it follows 
that the numerator of the right side must be equal to zero. Moreover, since 
it was possible to choose^, ^, • • • ,fr, a;r+i» • • -^^^ as independent varia- 
bles, it follows from equations 3 that 

Finally, it is well known from the theory of linear equations* that, if the 
determinant in the numerator of the right side of equation 37 be equal to 
zero for all values of i and h, then every minor of order r+1, and conse- 
quently every minor of higher order, that can be formed from the determinant 
A„ will be equal to zero. 

These results enable us to restate Theorem IV in the following well- 
known form:t 

Theorem V. Consider the series of terms 

1, Ai, A3, . . ., A„ . • . , A„. 
It is possible to number the variables so that 



^r+l 



= K+2 = 



= A„ 



0, 



(38) 



* Cf. Weber, Lehrbuch der Algebra, vol. 1, p. 103. 
t Cf. Weber, I. c, p. 295. 



28 SAUREL 

and so that no (wo consecutive terms of the series 

1, Ai, Aj, . . . , A^ (39) 

shall be equal to zero, the last term itself being different from zero. Then the 
given quadratic function can be expressed as the sum ofr squares. The num- 
ber of positive squares will be the same as the number of permanences in sign 
in the series 39 and the number of negative squares will be the same as the 
number of variations in sign in the same series, provided none of the terms in 
that series be equal to zero. If, however, one of the terms of the series be equal 
to zero we shall pay no attention to the two adjacent intervals ; to every such 
pair of intervals there will correspond one positive and one negative square. 

The following theorem is well known :* 

If a quadratic function be expressed as a sum of squares of independent 
linear functions, the number of positive terms is always the same and similarly 
the number of negative terms is always the same, whatever be the mode of 
transformation employed. 

To complete our discussion we must accordingly show that the linear 
functions obtained by repeated applications of our two transformations are in- 
dependent. For this purpose it is sufficient to show that one determinant of 
order r formed from the coefficients of these linear functions does not reduce 
to zero t Such a determinant can be formed by taking the coefficients of 
Xi, Xi, ■ • • , Xr in these functions ; for it is easy to see that this determinant is 
equal to the product of non-vanishing factors of the form a],"^ i,p+i ^^^ o{ the 
form 



a 



(P) r.(p) 






New York, March 1903. 



* Cf. Weber, I. c, p. 213. 

t Cf. Weber, I. c, p. 108; B6cher, Annals of Mathematics, vol. 2 (1900-01), p. 84. 



